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KOSZUL DUALITY AND SOERGEL BIMODULES EOR DIHEDRAL 

GROUPS 

MARC SAUERWEIN 


Abstract. Every Coxeter group {W, S) gives rise to an associated Hecke algebra 
H(w,S) which can be categorified by the additive monoidal category of Soergel 
bimodules SB. Under this isomorphism the Kazhdan-Lusztig basis 
corresponds to certain indecomposable Soergel bimodules (up to shift). 

In this thesis we study the structure of the endomorphism algebra (of maps of all 
degrees) A := Endjg (0a;gw R. Via category O it has been proven for 

all Weyl groups (see Theorem^) that ^ is a self-dual Koszul algebra. We extend 
this result to all dihedral groups by purely algebraic methods using representation 
theory of quivers and Soergel calculus. 
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1. Introduction 

To any Coxefer sysfem (W, S) one has an associafed Hecke algebra H(yp 5 ). The 
Hecke algebra may be cafegorified by Soergel bimodules SB, an additive monoidal 
cafegory of bimodules over a pol 5 momial ring. The indecomposable bimodules 
{Bx} iTi SB are (up fo grading shiff) paramefrised by fhe group W. The main ob- 
jecf in fhis paper is fhe endomorphism algebra (consisting of maps of all degrees) 
ofB:=©,gy^ Bx where fhe righf acfion of pol 5 momials of positive degree is triv- 
ialised: 

A := Endgg (B) (g)^ R. 

We prove fhe following resulf via purely algebraic mefhods: 

Theorem 1. For a dihedral group (W, S') the R-algebra A is a self-dual Koszul algebra. 

1.1. Motivation. Let g be a complex semisimple Lie algebra. It turns out that the 
category g-Mod of all g-modules is far too large fo be understood algebraically. 
Seminal for fhe furfher sfudy of fhe represenfafion fheory of g was fhe infroducfion 
of cafegory O by Bemsfein, Gelfand and Gelfand (see IIBGG76II T Fix a Borel b, a 
Carfan t) in g and define O := 0{g, b, [}) fo be fhe full subcafegory of g-Mod whose 
elemenfs M are finitely generafed over g, t)-semisimple and locally b-finite. In 
particular, all finite dimensional modules and Verma (= sfandard) modules A(A) 
(Act)*) lie in O. This resfricfion made if easier fo handle fhe category and led to 
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beautiful new results such as BGG reciprocity IIBGG761 Prop. 1] and the Kazhdan- 
Lusztig conjectures IIKL791 Conj. 1.5.]. Within the principal block Oq C O let L := 
©mgw direct sum of the simple modules and P := P(w ■ 0) 

the direct sum of their corresponding (indecomposable) projective covers, i.e. P is 
a projective generator. We have the following result due to Soergel in IISoe90ll : 

Theorem 2 (Koszul self-duality for the principal block Og)- There exists an isomor¬ 
phism of finite dimensional C-algebras 

A := Endoo(^’) - Exto^(L,L), 

where the right hand side is a ring via the cup product. Furthermore, Px.tQ^{L, L) is a 
Koszul algebra. 

Although Endc)j,(P) is not obviously graded, it inherits a grading from the natu¬ 
rally graded Ext-algebra. The first glimpse of Koszul duality was discovered ear¬ 
lier when mathematicians were investigating composition series of Verma mod¬ 
ules in category Oq and found formulas of the form 

[A(a; ■ 0) : L{y • 0)] = ^ ExP(A(i(;oa; • 0), L{woy ■ 0)). 

i 

These formulas can be explained by Koszul self-duality on the level of derived 
categories (see I1BGS961 Theorem 1.2.6.]). The existing proofs of Koszul self-duality 
are difficult and rely heavily on geometric techniques. 

Using Oq = Mod-A one obtains a Z-graded version of Og as Og := gMod-A. 
We have the following isomorphisms of -modules (see IISoe90l and BStrOSal 
Theorem 7.1.]): 

/Co (O^) ^ /eg (5) 

P{x ■ 0){i) ^ YPix ■ 0)(z) = Kii), 

where B := P (g)/{ K is the Soergel module corresponding to the Soergel bimodule 
B. Let S denote the category of graded Soergel modules and V SoergeTs combi¬ 
natorial functor. Translating Theorem@into the setting of Soergel (bi)modules via 
the above identification frees the result from geometry and yields 

A ^ Ext^„(L,L)-P(A), 
where E{A) denotes the Koszul dual of a Koszul algebra. 

1.2. Structure of the paper. This paper contains two parts. 

Part 1: In the first four section we provide the necessary background on the Hecke 
algebra, Soergel bimoldues, Sorgel calculus and Koszul algebras. 

Part 2: In the last two sections we realise the endomorphism ring of Soergel bi¬ 
modules as a path algebra of a quiver and show its Koszul self-duality. 

1.3. Acknowledgements. This paper started as my masther's thesis under the su¬ 
pervision of Geordie Williamson. I would like to thank him for his support and 
this very interesting project. I would also like to thank Catharina Stroppel for very 
helpful discussions. 


2. Preliminaries 

2.1. Basic Definitons. Let (W, S) be a Coxeter system. Recall that W is equipped 
with the Bruhat order < and the length function £ : TL ^ No which counts the 
number of simple reflections in a reduced expression. For an arbitrary sequence 
w = (si, S 2 , • ■ •, Sn) in S we denote the product siS 2 Sn by w, viewed as an 
element in W. For such a sequence w its length is defined by £(w) = n. Observe 
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that £{w) > £(w) with equality if and only if w is a reduced expression for w. By 
abuse of nofafion we wrife w = siS 2 ■ ■ ■ Sn- It is crucial to distinguish between w 
and w, since the latter denotes a distinct sequence of simple reflecfions whereas w 
is their product in W. 

Following Soergel's normalisation as in IISoe97l define fhe associafed Hecke alge¬ 
bra H = as fhe unifal, associative Z[r;=*=^]-algebra generafed by {Hs}s^s 

wifh relations 

(1) = l + iv-^ -v)H,, 

( 2 ) HsHtHs... = HtHsHf.., 

^ ^ > 
rrist factors rrist factors 

for all s 7 ^ f G S'. Here v is jusf an indeferminanf. 

Given a reduced expression w = siS 2 - ■ ■ Sn we sef Ffu, := ■ ■ ■ iFs„ which is 

well-defined by fhe Lemma of Mafsumofo (see IIMaf64l l. The elemenfs {iTu,}juew 
form fhe standard basis of H as a Z[i;=*=^]-module. An easy calculation shows 


Lemma 2.1. Let w G W and s € S. For a basis element and a generator Hg there is 
the multiplication rule: 


( 3 ) 


H^Hg 


Hyjg if ws > w 

Hws + — v)Hu, ifws < w 


Each Hg for s G S is invertible with inverse Hg -\- (v — v~^) and thus all standard 
basis elements are units. There is a unique Z-linear involution " ; H —H such that 
V I—>• v~^ and Hg i— Hf^. This involution is called duality and it is easily checked 
that Hjg i-A- for w GW. 

Theorem 2.2 ( IIKL79II 1. There exists a unique Z[v^^]-basis {H_ig}wew ofH consisting 
of self-dual elements such that 

ffw — Ffiu ^ ^ hx.wFlx 

X<W 

where hx^w G vZ[v]. 


This basis is called fhe Kazhdan-Lusztig basis and fhe hx,w are fhe Kazhdan-Lusztig 
polynomials. Nofe fhaf fhe hx,w are nof fhe originally defined Kazhdan-Lusztig 
pol 5 momials px w (see IIKL79II 1 buf fhere is fhe following relation (see IISoe971 Rem. 
2 . 6 .]): 

hx,w{v) = 

Mimicking the notion of a frace form from linear algebra we mean by a frace on H 
a Z[r;^^]-linear map e : H — Z[v^^] satisfying e(hih 2 ) = s(h 2 hi) for all hi, ^2 G H. 
The standard trace on H is defined via e{Hyj) := 5w,e- 

Lemma 2.3. For w and w' gW we have e{Hu,Hygi) = 

Proof. I ndu cfion over fhe lengfh of w' combined wifh fhe mulfiplicafion rule from 
Lemma Izli □ 


For a sequence w = siS 2 ■ ■ ■ Sn we call e = 6162 • ■ • e„ wifh G {0,1} a 01- 
(sub)sequence of w which picks ouf fhe subsequence uf := ■ ■ ■ s®". Given 

such a 01-sequence ifs Bruhat stroll is fhe sequence e, xi,..., Xn = uf where 

(4) Xi := Si^S2^ ''' Si' ■ 

This sfroll allows us fo decorafe each sfep of fhe 01-sequence e wifh eifher U(p) 
or D(own) encoding fhe pafh in fhe Bruhaf graph. We assign U fo fhe index i if 

Xi-iSi > Xi-i and D if Xi-iSi < xt. 
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There is a -linear anti-involution l satisfying l{Hs ) = Hg for s € S'. If is easily 
checked that L{Hyj) = H^-i for w € W. Nofe fhaf i. and " commufe, we denofe fheir 
composition as w. If follows fhaf w is a Z-linear anti-involufion on H satisfying 
uj{v) = v~^ and oj{Hyj) — H~^ for w € W. Using the aforementioned standard 
trace we can define fhe standard pairing H x H —by (k, h') := e{uj(h)h'). 

2.2. Notations (following lElilSl ). Lef (lU, S) be a dihedral group of type hijn) 
(m > 3), fhaf is a Coxefer sysfem {W, {s,f}) where (sf)"* = e. The elemenfs in 
S = {s, t} are called simple reflections or colours. As before, we denofe a sequence 
of simple reflections by w and shorfen expressions of lengfh > Iby 



k factors k factors 


similarly for t. Omitting fhe underline means fhe corresponding producf in W. 
We wrife e = *0 = tO for the identity and wq = gcn = tm for fhe longesf elemenf in 

W. 

The resfricfion fo dihedral groups makes if possible fo obfain a closed formula for 
all Kazhdan-Luszfig basis elemenfs simulfaneously. 

Proposition 2.4. Let (IT, {s, f}) be a dihedral group and w £W, then 

X^W 

Proof. Induction over the length of w (see IIHer991 Bsp. 2.3.]). □ 

For arbifrary Coxefer groups fhere is no such formul a an d fhe compufafion is in- 
ducfively following for example fhe proof of Theorem l2.2l in IISoe97l Theorem 2.1.]. 
However, for a finife Coxefer group wifh longesf elemenf wq ifs corresponding 
Kazhdan-Lusz fig b asis elemenf can always b e co mpufed wifh fhe formula 
in Proposition [zj (see IIKL79II ). Using Proposition we can easily deduce fhe 
following lemma. 

Lemma 2.5. For w €W we have 

3. SOERGEL Bimodules 

Lef {W, S) be a Coxefer sysfem of f5q3e I 2 {m ), m > 3. Recall fhe associated geometric 
representation \) = 0 Ra)^ with its Cartan matrix (see IIHum90l l: 


(5) 


(-2cos(^) 



We fix fhis realisation once and for all. For t) consider R := S']!)*) = 0i>o 
fhe symmefric algebra on f)*, a graded R-algebra such fhaf deg(f)*) = 2. By con- 
sfrucfion, W acfs on f) and hence if acfs on f)* via fhe confragredient represenfafion. 
Exfending fhis acfion by grading preserving aufomorphism yields an action of W 
on R. The ring of invarianfs of a single simple reflection s G S' is denofed by 
S" C R. 

The fwo main module cafegories in fhis fhesis are i?-Bim and i?-gBim, fhe cafegory 
of finifely generafed i?-bimodules and graded i?-bimodules respecfively (fhe latter 
wifh grading preserving morphisms). The cafegory i?-gBim is considered as a 
graded cafegory wifh fhe grading shift down denofed by (n). For M = 0 Mj we 
define M{n)i := Moreover, for fwo graded bimodules M and N we wrife 

Horn* (M,iV) := ® , N{n)) for fhe bimodule homomorphisms befween M 
and N of all degrees. 
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Remark 3.1. Realisations of Coxeter groups can be defined in more generalify as 
modules over a commufafive domain and do nof have fo be symmefric eifher. For 
fhe more general case see IIEW13I . 

For s € S define fhe graded i?-bimodule Bg := R{1) which is a fixed graded 

lift of fhe i?-bimodule R R. We offen wrife := and fhe fensor producf 
sfrucfure ^r is denofed as juxfaposifion. For a given sequence w = siS2 - • ■ Sn 
define fhe corresponding Bott-Samelson bimodule by 

B'^ := Bg^ ®R Bg^ 'S>R ' * * 'S^R Bg^ = Bg^Bg^ • • • Bg^ . 

The full monoidal subcafegory BS of i?-Bim generafed by Bg for s G S' is called fhe 
category of Bott-Samelson bimodules. Since we chose a fixed graded liff for R i^rs R, 
we have a graded liff for every Boff-Samelson bimodule. Finally, fhe category ofSo- 
ergel bimodules SB is defined fo be fhe Karoubian envelope of fhe additive closure 
of fhis graded version of BS. If is crucial fo disfinguish that BS is a subcategory of 
i?-Bim, whilsf SB is a subcafegory of i?-gBim and fherefore morphisms befween 
Soergel bimodules are grading preserving. Observe fhaf SB is additive buf nof 
abelian. Soergel classified fhe indecomposable objecfs in SB (see IISoe97l Theorem 
6.14.]). 

Theorem 3.1 (Classificafion of indecomposable Soergel bimodules). Given any re¬ 
duced expression w of w G W, the Bott-Samelson B^ contains up to isomorphism a 
unique indecomposable summand B^, which does not occur in By for any expression y of 
y £ W with £{y) < £{w). In addition, does up to isomorphism not depend on the 
reduced expression w. A complete set of representatives of the isomorphism classes of all 
indecomposable Soergel bimodules is given by 

{Big{m) \ w and m G Z}. 

Nofe fhaf fhe splif Grofhendieck group /Cg (C) of an additive, monoidal and graded 
category C inherits a Z[i;=*=^]-algebra structure. Soergel proved that the category 
of Soergel bimodules SB cafegorifies fhe Hecke algebra H (see IISoe071 Theorem 
1 .10.]) for cerfain (difficulf) reflecfion faifhful realisations over infinife fields of 
characferistic f 2. However, Libedinsky showed in ILibOSal fhaf fhis cafegori- 
ficafion works for fhe (easier) geomefric represenfafion as well. 

Theorem 3.2 (SoergeTs Cafegorificafion Theorem). For the geometric realisation t) 
there is a unique isomorphism o/Z[i;=‘=^]- algebras given by 

e : H Z:4 /eg (SB) 

Kg ^ [Bg]. 

Using the standard pairing on H it is possible to describe the graded rank of fhe ho¬ 
momorphism space befween two Soergel bimodules (see IISoe07l Theorem 5.15.]). 

Theorem 3.3 (SoergeTs Hom-Formula). Given any two Soergel bimodules B and B', 
the homomorphism space Hom^g]/?, B') is free as a left (resp. right) R-module and its 
graded rank is given by (e~^[B], e~^[B']) where (—, —) denotes the standard pairing on 
the Hecke algebra. 

Soergel constructed an inverse map to e which he called the character map. How¬ 
ever, the construction is not explicit and he only conjectured what the pre-images 
of fhe indecomposable Soergel bimodules are for an arbifrary Coxefer group. 

Conjecture 3.4 (SoergeTs Conjecture). If k is afield of characteristic 0 then ch(Byj) = 

Ku,- 
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Soergel himself proved this for Weyl groups and dihedral groups (see IISoe98l The¬ 
orem 2]). The case of universal Coxeter groups was shown by Fiebig in IFieOSL 
This conjecture is a very deep result and implies the Kazhdan-Lusztig conjec¬ 
tures ( IIKL79II 1. Elias and Williamson recently gave the first algebraic proof for 
an arbitrary Coxeter group with a fixed reflection-faithful representation over R 
(see IIEW12I 1. By a result of Libedinsky in IILibOSal this includes every finite Cox¬ 
eter group with its geometric realisation. In this paper we only consider dihedral 
groups and their geometric realisations over R and thus we can use SoergeTs Con¬ 
jecture for our calculations to determine the dimensions of homomorphism spaces 
between Soergel bimodules. 

Recall that we denote R = 0i>o'S'*(t)*) with maximal ideal := 0S'*(fl*). 
Therefore we can view R = i?/S'+ as an i?-bimodule. To each Soergel bimod¬ 
ule M we can associate the Soergel module M := M (g) R where the right action is 
trivialised. Let S denote the category of Soergel modules. Eor a Weyl group Soergel 
proved that there is an isomorphism 

(6) }loms(B,B') ^ R 

for B, B' (see IISoe98l Thm. 2, Part 4.]). Moreover, he conjectured this isomorphism 
for every finite Coxeter group (see IISoe98l Thm. 2, Part 5.]) which he proved re¬ 
cently ( IISoel4l l. Eor simplicity we write by abuse of notation Hom^ {B, B') instead 
of Hom5(i3, B ) for Soergel bimodules B, B'. The important results for this paper 
are summarised in the following theorem which is an immediate consequence of 
the above: 

Theorem 3.5. Given a dihedral group W, we have for x,y € W: 

. grdim* Eom-siB,,By) = 

• dimK Bom g {Boo, By) = \ W<j; n W<y\ 

where W<x := {w & W \ w < x}. In particular HomJ(Ba;, By) is concentrated in non¬ 
negative degrees d such that 0 < d < i{y) — i{x)for x <y with dimR Hom5(i3a;, By) = 

^x,y 


4. Soergel Calculus (in the dihedral case) 

By construction the category of Soergel bimodules SB is the Karoubian envelope 
of BS and therefore it is enough to describe BS by planar graphs and identify 
the idempotents. In this section we introduce a diagrammatic approach to the 
category of Bott-Samelson bimodules BS following IIEW131 . These techniques are 
what we refer to as Soergel calculus. 

4.1. Generators. Recall that we fixed the geometric realisation t) for our given di¬ 
hedral group (W,{s,t}) of type him) for m > 3. The Bott-Samelson bimodule 
B^ = Bs ^ Bt ^ ■ <Si Bg for w = st • • • s is completely determined by an ordered 

sequence of colours (or colured dots on a horizontal line). A morphism between 
two Bott-Samelson bimodules from to B^,' is given by a linear combination 
of isotopy classes of decorated graphs with coloured edges in the planar stripe 
R X [0,1] such that the edges induce sequences of coloured dots on the bottom 
boundary R x {0} (resp. the top boundary R x {1}) in each summand correspond¬ 
ing to w (resp. wf). In particular, these diagrams represent morphisms from the 
bottom sequence to the top sequence and therefore should be read from bottom to 
top. 

Definition 4.1. Eor a dihedral group (W, S) define V = to be the R-linear 

monoidal category as follows: The objects are sequences w in S' (which are denoted 
sometimes by B^f). The empty sequence 0 is often denoted by 1. The Hom-spaces 
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deg 1 

Bg — 

R 

a®b^ab 

deg 1 

R —> 

Bg 

1 i(Q!s 0 1 -1- 1 0 Qfs) 

deg-1 

BgBg 

^Bg 

1 0 (jf 0 1 M- 9s (ff) 0 1 

deg-1 

Bg — 

■> BgBg 

101l-^.10101 

deg/ 

R —> 

R 

1^/ 

deg 0 

BgBfBg ■ ■ ■ — 

^ BtBgBt • • ■ 


rrist factors rrist factors 


Table 1. Generating morphisms and their degrees in V 


are Z-graded R-vector spaces generated by the diagrams in Table [I] modulo local 
relations. The monoidal structure is the concatenation of sequences. 

For s G S the Demazure operator dg : R ^ in Table[l|is defined as ds{f) := ■ 

The firsf two morphisms in Table [l| are called dots, whereas fhe second two mor¬ 
phisms are called trivalent vertices and fhe lasf morphism is called 2ms,t-valent ver¬ 
tex. The explicif formula for fhe 2ms,t-valenf verfex is very difficulf. Therefore 
we only explain whaf fhe morphism does. In fhe case of a dihedral group of type 
I 2 (m) the longest element w n ca n be expressed as st ■■ ■ = ts ■ ■ ■ with m factors 
on each side and by Theorem l3 . ll both BgBf ■ ■ and BtBg - • ■ contain as sum¬ 
mand with multiplicity 1. The 2ms ^-vertex is the projection and inclusion of fhis 
summand and fherefore uniquely defermined up fo a scalar. 

Libedinsky showed in ULibOSbl fhat fhe morphisms from Table[l|generafe all mor¬ 
phisms in BS. For fhe composifions of a trivalent vertex with a dot we define caps 
and cups as follows: 

^ ' A ' V 

4.2. Relations. Since we work with dihedral groups, only one- and two-colour 
relations can occur. For Coxeter groups of rank > 3 fhere exisf fhe fhree-colour or 
Zamolodzhikov relafions which are more difficulf (see IIEW13I ). 

4.2.1. The one-colour relations. The objecf Bg is a Frobenius objecf in i?-Bim (see 
1EK09I ) where fhe dofs correspond fo unit and counit while the trivalent vertices 
correspond to the multiplication and comultiplication. Altogether we obtain that 
any one-coloured diagram is isotopy invariant and we have the following fhree 
non-pol 5 momial relations: 

X-K h 



( 8 ) 


0 . 
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We refer to these relations as general associativity, general unit and the needle. Fur¬ 
thermore, there are two relations involving pol 5 momials: 



sf] 


'r\ 

[dsif) 


As a direct consequence we have: 



4.2.2. The two-colour relations. There are three two-colour relations. The first is the 
cyclicity of the 2ms,t-vertex. The other two relations specify how the 2ms,t-vertex 
interacts with trivalent vertices and dots. For m = rris^t we have the two-colour 
associativity depending on the parity of m: 


(11) TO even: 




The other relation allows us to express a diagram involving a 2TOs,t-vertex and a 
dot as a linear combination of diagrams without the 2TOs_t-vertex. This procedure 
depends on the parity of the integer to as well: 


(12) TO even: 


AX 

■fjWm-l] 


TO odd: 


AX 


Note that the Jones-Wenzl morphism JWm-i is an R-linear combination of graphs 
consisting only of dots and trivalent vertices. This morphism will be discussed 
briefly in the next paragraph. 

4.3. Jones-Wenzl morphisms. 

4.3.1. Gaufl's q-numbers. Before we can define the Jones-Wenzl projector it is help¬ 
ful to recall Gaufi's g-numbers. We use them to give formulas for the Jones-Wenzl 
projector for all dihedral groups simultaneously. Gaufi's g-numbers are defined 
(see e.g. | |Jan96| ) by 

„n _ „-n 

[n]g := ^ -V = +■”+" + • • • + <?”■" + e Z[g±i]. 

g — g”^ 

It is convenient to define [0] := 0. In most cases we omit the index and write [n] 
instead of [n]q. Observe that [n] is the character of L{n — 1), the simple s[ 2 (C)- 
module of dimension n. Via the Clebsch-Gordon formula we obtain two out of 
many useful identities for g-numbers: 

(13) [2][n] = [n-I-1]-I-[n - 1]. 

(14) [n]^ = [n - l][n-I- 1] -I- [1]. 

We can specialise g to a value ( which we denote by [n],^. If C = G C, i.e. a 

primitive 2m-th root of unity, we obtain algebraic integers [n]^ G K. By choice C is 
primitive and therefore we have = —1- Thus, we get the following identities: 

(15) [to]^ = 0, = [i]^, [m + i]^ = 
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Recall the geometric representation of a dihedral group as in Eq. and note that 
[2]ij = C + = 2 cos (^) = —as,t- Hence, the geometric representation can be 

encoded in the Cartan matrix 


(16) 




simultaneously for all dihedral groups. For a cerfain dihedral group of type / 2 (m) 
we only have to specialise q to a primitive 2TO-th root of unify. 


Lemma 4.1. For i > 1 we have is = ■ ■ - ts &W of length i and thus 


is{at) 


+ [f + l]cc«s if i is odd, 
[f + if i is even. 


Proof. We prove fhis by inducfion on i. For i = 1 we have: 

s{at) = at - tts = at + 

Now lef f > 1. There are two cases fo disfinguish depending on fhe parify of f. If i 
is odd fhen 


(j + l)s(Q!t) = t{is{at)) 


t{[i]cat + [i + l]cas) 

(“[*]C + [2]c[f + l]c)®t + [* + IJco^s 
(“[*]c + Wc + [* + 2]c)at + [i + IJctts 
[i + 2]^at + [f + 


The ofher case is similar which finishes fhe proof. 


□ 


4.3.2. Jones-Wenzi projectors. We give a short introduction to Jones-Wenzl projec¬ 
tors with a recursive computation formula in fhe Temperley-Lieb algebra setting 
where ifs origins lie (see | |Jon86|[Wen87| ). For a defailed discussion we refer fhe 
reader fo IICK12I or lElil3ll . 

The Temperley-Lieb algebra TL„ on n sfrands is a diagram algebra over Z[S]. If 
has a basis consisting of crossingless mafching wifh n poinfs on bottom and fop 
each. The mulfiplicafion is given by verfical concafenafion of diagrams such fhaf 
circles evaluafe fo scalar —S. The crossingless mafching on n sfrands is fhe unif in 
TLn and is denofed by This algebra is confained in fhe Temperley-Lieb category 
which is closely relafed fo fhe quanfum group U := [/q(s[ 2 ) of sl 2 via fhe base 
change 5 ^[2]q = q + q~^ (see lElil3l for fechnical defails). 

Lef Vfc be fhe irreducible represenfafion of highesf weight q^ and let V = Vj. The 
highest non-zero projection from fo 14 is known as fhe Jones-Wenzl projector 
JWn € TL„. 


Remark 4.2. This definition of fhe Jones-Wenzl projecfor only works while working 
over the complex numbers. This categorification over the integers is harder and 
more subtle and was carefully freafed in IICK12[|FSS12[|Rozl4l . 

The following proposifion sfafes some imporfanf properties of JW4 (see IIKL94I 
Proposifon 3.2.2.], IILic97l Lemma 13.2.] and IICK12I Section 2.2.]). 

Proposition 4.2. The Jones-Wenzl projector JWn satisfies the following properties: 

• JWn is the unique map which is killed when any cap is attached on top or any 
cup on bottom, and for which the coefficient of In is 1. 

• JWn is invariant under horizontal/vertical reflection. 

• The ideal {JWn) ^ TLn has rank 1. 

• Any element x e TLn nets on JWn by its coefficient of In. 
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Note that the first property gives an alternative way of defining JWn ■ For our com- 
pufafions we need fhe following recursive formula for JW„(see BFK97I Theorem 
3.5.]): 


(17) 


i 







" Til 


JWn+ 

L — 

JWr 


1 W? 

JWn 










In fhe following we sfafe fhe Jones-Wenzl projecfors for n = 1,2,3. 


JWi 


JW2 


I2T 



Any crossingless mafching in TL^-i divides fhe planar sfripe in m regions which 
we can colour alfemafingly wifh red and blue (for s and t). This resulfs in fhe 
definifion of fhe two-coloured Teniperley-Lieb algebra which we omif here, defails 
can be found in IIElil31IEW13l . Since our chosen realisafion is symmefric we can 
freaf a blue circle surrounded by red jusf as a red circle surrounded by blue and 
fhus evaluafe bofh fo fhe same value. Eor each diagram fhere are two possible 
colourings. Each of fhose coloured crossingless mafchings yields a coloured graph. 
Deformafion refracf each region into a tree consisting of frivalenf and univalenf 
verfices, colour fhose resulfing frees according fo fhe region. In fhaf way we can 
associafe fo each coloured Jones-Wenzl projecfor a Jones-Wenzl morphism JWn- We 
sfafe fhe Jones-Wenzl morphisms (wifh red appearing in fhe far leff region) for 
n = 1, 2,3. 


JWi 


JW2 


T 


JWs 



1 U 1 y 


The Jones-Wenzl morphism above is nof yef a morphism in V buf can be plugged 
info anofher diagram fo obfain a graph in fhe planar sfripe (see Eq. dlUl . for fech- 
nical defails see IIElil3l l. We offen wrife JW insfead of JWm-i when specialised 
fo C- Using fhe two colour relafions (see Eqs. o and Q) we obfain fhe follow¬ 
ing relafion befween fhe ms,t-valent verfex and fhe Jones-Wenzl projecfor JWm-i- 
Since fhe laffer is an idempofent in fhe Temperley-Lieb algebra (see IIElil3ll l, fhe 
right-hand sides in [18] are also idempotents. Thus, the mg,t-valent vertex can be 
used to construct idempotents. 



The two defining properties of JWn (see Proposifion l4.2l or IIElil3[ Claim 4.4]) are 
crucial and we use fhem repeatedly in our category V. The first one is that the 
coefficient of one single graph is 1, namely fhe graph which becomes fhe identify 
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morphism if trivalent vertices are attached to both sides (precisely the first sum¬ 
mands in the example above). The second and more important property is that 
JW is killed by "cups" and "caps" 



We refer to this property as death by pitchfork. 

4.4. Light leaf and double leaf morphism. The concept of light leaves and dou¬ 
ble leaves was introduced by Libedinsky in ILibOSbl for Soergel bimodules. Elias 
and Williamson transferred those morphisms into the combinatorial and diagram¬ 
matic setting of V (see IIEW13I 1 where they used the double leaves to prove the 
equivalence in Theorern l4.3l Eor all (technical) details and results we refer to 
IEW13I . The set of light leaf morphisms LLx,e forms a (left) i?-basis of Homx; (x, 1). 
This basis can be constructed inductively and is parametrised by the subexpres¬ 
sions of X which are equal to e. Composing the these light leaf morphisms we 
obtain the set of double leaf morphisms LL^ y which forms a (left) i?-basis of 
Homx)(x, y) (see IIEW13I Theorem 6.11]). Conesequently, is constructed in¬ 
ductively, too, and it is indexed by certain subexpressions of both x and y. Hence 
all Hom-spaces in V are free graded (left) i?-modules. 

4.5. Equivalence of categories. Eollowing IIElil3l we define an K-lmear monoidal 

functor IF : which maps a sequence w to the Bott-Samelsonbimodule 

B^. On the morphisms T acts as indicated in TableQ. The next result is due to Elias 
(see lEhTll): 

Theorem 4.3. The R-linear monoidal functor T is well-defined and yields an equivalence 
of monoidal categories: 

^ • '^(w,s) 

Moreover, IF induces an equivalence of monoidal additive categories: 

IF : Kai{V(w^s)) ^ SB. 

Remark 4.3. The result in Theorem l4.3l were preceded by results by Elias and Kho- 
vanov in type A (see IIEK09I 1 and by Libedinsky (see IlLiblOlI l for the right-angled 
case. Eurthermore, the above results were generalised by Elias and Williamson 
(see IIEW13I Theorem 6.28.]) to all Coxeter groups with a fixed reflection-faithful 
realisation. 


5. Koszul and Quasi-Hereditary Algebras 

Definition 5.1 ( IIBGS96I ). A graded ring A = 0j>Q Ai is called Koszul if Aq is 
semisimple and Aq admits a linear resolution as a graded left A-module, i.e. 

- > ^ ^ P° ^ Ao 

where the maps are grading preserving and P® is generated by (P®)i as a left A- 
module. 

Remark 5.2. Equivalently one could ask that every simple A-module admits a lin¬ 
ear resolution. 

Definition 5.3 ( HBGS96I ). A graded ring A = 0j>Q A^ is called quadratic if Aq is 
semisimple and A is generated over Aq by Ai with relations in degree 2. 
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For a given fc-vector space V the tensor algebra TkV, the symmetric algebra SV 
and the exterior algebra Ay are quadratic rings (with the usual grading, that is 
degX = 1). In particular k\X] and k[X]/{X'^) are quadratic. If there are some 
finiteness conditions we can define a dual version of a quadratic ring: 

Definition 5.4 ( iBGS96ll ). A graded ring A — ® j>o is called left finite if all 
Ai are finifely generated as left Ao-modules. For a left finite quadratic ring A = 
TaoAi/{R) its quadratic dual is defined as A'- = TaoAI/{R-'-) where R^ c A* iSiao 
Al = {Ai (g)Ao Ai)* wifh respecf fo fhe sfandard pairing. Here, Ta^Ai denofes fhe 
free fensor algebra of fhe Ao-bimodule Ai. The ring A is self-dual if A = A'. 

For any positively graded algebra A = ® j>o Ai fhe degree 0 parf Aq is an A- 
module. Consider fhe graded ring E{A) := Ext^(Ao, Aq) of self-exfensions of Aq. 
We call E{A) fhe Koszul dual of A. Beilinson, Ginzburg and Soergel showed fhaf 
fhere exisf isomorphisms relafing a Koszul algebra A fo ifs Koszul dual E{A) and 
quadratic dual A' (see IIBGS96i Corollary 2.3.3., Theorem 2.10.1., Theorem 2.10.2.]). 

Theorem 5.1 ( IIBGS961 ). Let A = 0i>o ^ Koszul ring. Then A is quadratic. If 
additionally A is left finite, then there are canonical isomorphisms E{A) = (A^^* and 
E{E{A)) ^ A. 

Remark 5.5. If A is a positively graded algebra fhere exisfs a quadrafic dualify 
funcfor on fhe bounded derived categories 

K : T''’(A-gMod) ^ D^(A'-gMod) 


which is an equivalence of cafegories if and only if A is Koszul. This is freafed 
complefely and more general in IIBGS961 Thm. 1.2.6.] and I1MOS091 Thm. 30]. In 
conclusion Koszul algebras are cerfain quadrafic algebras wifh additional nice ho¬ 
mological properties. For example, under fhe above equivalence fhe sfandard t- 
sfrucfure maps fo fhe non-sfandard f-sfrucfure on fhe dual side given by linear 
complexes of graded projecfive modules ( IIMOS09| Thm. 12]). If A is even Koszul 
self-dual, fhen fhis yields a second inferesfing f-sfrucfure in X>^(A-gMod). 


The algebras we are inferesfed in admif a quasi-heredifary sfrucfure which simpli¬ 
fies fhe later proofs in a crucial way. 

Definition 5.6 ( ||Don98l ). Let A be a finite dimensional algebra over a field k wifh 
a finife parfially ordered sef (A, <) indexing fhe simple leff A-modules {L(A)}AgA 
and lef P{X) be fhe indecomposable projecfive cover of L{X). A collection of leff 
A-modules {A(A)}AgA defines a quasi-heredifary sfrucfure on (A, (A, <)) if 

• for A € A fhere exisfs a surjective A-module homomorphism tt : P{X) 

A (A) such fhaf kei'Tr has a A-filtrafion with subquotients isomorphic to 
some A(pi) where pi > A, 

• for A S A fhere exisfs a surjecfive A-module homomorphism tt' : A (A) ^ 
L{X) such fhaf kerTr' has a composition series wifh composifion facfors 
only isomorphic fo some L[pi) where pt < X. 

The A(A) are called (leff) standard modules. (Righf) sfandard modules can be de¬ 
fined similarly. 


The following fheorem is due fo Agosfon, Dlab and Lukaacs (see 
rem 1]): 


iADL03 Theo- 


Theorem 5.2. Let (A, (A, <)) be a graded quasi-hereditary algebra. If both left and right 
standard modules admit linear resolutions (i.e. A is standard Koszul) then A is Koszul 
(i.e. all simple modules admit linear resolutions). 

Remark 5.7. We would lik e fq poinf ouf fhe close relationship between fhe double 
leaf morphisms in Secfion lA^ and fhe filfration obfained by fhe sfandard modules. 
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6. Realisation as a Path algebra of a Quiver with Relations 

Recall that (W, {s, t}) is a Coxeter system of type him), m > 3 with its geometric 
representation t) = © Ra^. In this section we analyse the structure of fhe 

graded endomorphism algebra A := EndJ (B) = End^g (B) ©/j R where B := 
B,. Define C := G C. 

Definition 6.1. Let Qm ■= (Qo, Qi) be the directed quiver with the following ver- 
fex and arrow sefs 

Qo ■■=W = {e, sk,tk,wo \ I < k < m - 1}, 

Qi := {w ^ w' I |l(w) - liw')\ = 1}. 

We wrife iw,w') for an arrow w —>• w'. For fhe fixed represenfafion () of him) 
define fhe sef C RQm consisfing of fhe following relafions for all 2 < f < m — 1 
and 0 < j < m — 2 (plus fhe ones wifh fhe roles of s and t swifched): 


(20) (e, s, e) 

(21) (s, St, s) 

(22) (sh^i + l),si) 

(23) is,ts,s) 

(24) (.i,t(i + l),«i) 

(25) {s, St, t) 

(26) {s, ts, t) 

(27) {si,sii + l),ti) 

(28) {si,tii + l),ti) 

(29) UAj + h,sij + 2)) 

(30) isj,sij + l),tij + 2)) 

(31) isij + 2),sij + l),sj) 

(32) (,(j + 2),.(j + l),0 


= 0 , 

= 0 , 

= -[2]c(s,e,s), 

= ([* - l]c - [* + l]c)(^h »(* - 1), si) - tii - 1), si), 

= is,e,t), 

= is,e,t), 

~ s(i 1 ) 5 !^) (sLl(i h^A), 

= isi, sii 1)5! f) “f ~ h^ii)^ 

= isj, tij + 1), s(j + 2 )), 

= isj, tij + 1), t(i + 2)), 

= (s(i + 2), tij + 1), sj), 

= isij + 2 ), tij + 1), tj)- 


We refer fo Qm as fhe Hasse graph of fype him) (c.f. Fig. [H) and fhe sef is 
called fhe sef of dihedral relafions. Define Pm to be the R-algebra RQm/(Ffm)- 

The algebra Pm inherits the naturally grading of RQm by pafh lengfh since all 
relations are homogenous (of degree 2). 

Remark 6.2. For i = 1 relafion|2T]could be included in relafionl22lwhilsf relafionl23l 
cannof be included in relafion|24] Moreover,for i = m—1 relafionl22landl24lagree 
and relaf ion l27l and l28l 

Remark 6.3. The above formulas are exacfly fhe relafions which hold for fhe mor- 
phisms between fhe Soergel modules which we show lafer in defail. The coef- 
ficienfs are infegral in fype A 2 , buf in general fhey are real numbers. Sfroppel 
showed in lSfr03bl fhaf for f 5 rpes B 2 and G 2 one may obfain rational (or even in¬ 
tegral coefficients) whilst choosing different bases for fhe morhpism spaces. How¬ 
ever, fhose relafions are nof symmefric any more. 

By definifion fhe verfices of Qm are indexed by fhe dihedral group of type him). 
Hence we have the Bruhat order on the vertex set. For a vertex x G Qo define 
V<x ■= {y G Qo \ y < x}. Analysing fhe relafions carefully we obfain fhe following 
lemma and proposifions: 
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Wo 


t(m-l) s(to-1) 




e 


Figure 1 . The Hasse graph of type I 2 {m) 


Lemma 6.1. The path algebra Pm has (finite) dimension y '"l ^<y\- 

Remark 6.4. Lemma l64] means in particular that paths from a; to y in Fm cannot be 
the same if the lowest vertex they pass through is different. 

Proposition 6.2. The isomorphism classes of simple graded Pm-modules up to grad¬ 
ing shift are in bijection with the vertices of Qm via w i-A L{w) where L{w)w' '■= 

(r ifw = w’ AH, u ■ 

{ and the obvious maps. 

|0 if w f w' 

Proposition 6.3. There exists an isomorphism Pm — Pm- 

We can now state the main result of this section. 

Theorem 6.4. There is an isomorphism of graded algebras Pm — A. 

6.1. Proof of Theorem 16.41 Consider the assignment w for w G Qo\ {w^o} 

and Wo 1 —We extend this assignment to the arrows for 0 < j < m — 1. 


j+1 lines 


(sj —>■ s(j + 1)) 


and (s(j + 1) ^ sj) 


j+1 lines 


j-'+l lines 


(sj t{j + 1)) 


and {t{j + 1) sj) 


j+1 lines 


The colour of the black line depends on the parity of j and on the colour of the 
far left line. Switching colours yields the other half of the assignment. Arrows 
adjacent to wq are treated differently since B^ug is embedded diagonally in B^m © 

B^m- 
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/ 



(s(m - 1) Wo) 


(wo -)■ s{m - 1)) 

For s and t switched the assignment is similar. Note that the images of the ar¬ 
rows are only morphisms between Bott-Samelson bimodules. In order to get a 
morphism between the corresponding Soergel bimodules we have to pre-/post- 
compose with the idempotents associated to the Soergel bimodules, that is For 
e, s, t the idempotents are the identity since the corresponding Bott-Samelson bi¬ 
modules are indecomposable. The idempotent corresponding to B^i for 2 < i < 
TO — 1 is fhe Jones-Wenzl morphism JWi where fhe quanfum numbers musf be 
specialised fo fhe appropriate 2TO-th root of unify, hence fhe coefficienfs depend 
on fhe dihedral group. In ofher words. 




where Cx denofes fhe trivial path at vertex x. Similarly for t wifh all colours 
swifched. The idempofenf of B^ug is a 2 x 2-mafrix since we c onsider B^jg a as 
submodule of B^m ® By fhe classification in Theorem l3.ll fhe indecompos¬ 
able bimodule B^g is a direcf summand of B^m and B^m wifh fhe Jones-Wenzl 
projector as idempofenf. A direcf diagrammatic calculafion shows fhaf JW^ is in¬ 
deed an idempofent and fhus e^g JW^ is well-defined. This assignment yi elds 
a homomorphism of graded R-algebras p' : KQm A. The proof of Theorem l6.4l 
is divided info fhree sfeps: 

(I) The map p' is surjective. 

(H) Rl C ker (f', so p' induces a surjecfion p : P^, A. 

(Ill) By dimension argumenfs we can deduce fhaf p is an isomorphism of graded 
algebras over R. 


Step I. In order to show that tp' is surjective, it suffices fo show fhaf for x,y G W 
every morphism in Horn * (i?^. By) is generafed as an algebra by elemenfs of de¬ 
gree 1. By Theorem l3.5l we know fhaf befween Bx and By fhere exisfs a mor¬ 
phism of degree 1 if and only if |/(a;) — I{y)\ = 1. Moreover, fhe homogeneous 
parf of degree 1 is af mosf one-dimensional, hence im if' confains all maps of de¬ 
gree 1 by consfrucfion. The double lea ves h hx.y form an i?-basis for Homx)(a:, y), 
fhus, using fhe equivalence in Theorem l4.3l. we can deduce fhaf every element in 
Homg 5 (i?^, By) is a sum of maps facforing fhrough various B^ such fhaf w is a 
reduced sub-expression of bofh x and y. We say modulo lower terms if we only 
consider maps which do nof facfor fhrough w such fhaf w < x and w < y. Conse- 
quenfly fhe nexf proposifion implies fhe surjecfivify of p'. 

Proposition 6.5. For x > y G W the morphism space Bomgi^{Bx, By) modulo lower 
terms is free of rank 1 as R-left/right module. If x and y are not comparable the morphism 
space Bom*gj^{Bx, By) =Q modulo lower terms. 
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Proof. Before we prove the general case, consider the example x = sts (which cov¬ 
ers already all the important cases). Then there exist eight decorated 01-sequences 
of X with their corresponding light leaves: 



uo uo uo 


TTt 

UO Ul uo 

(33) 

U1 uo Dl 


rti 

Ul Ul uo 

(34) 

Ul UO DO 

••w 

rti 

uo Ul Ul 


UO UO Ul 


ttI 

Ul Ul Ul 



The light leaves in (l33ll and ll34ll yield the zero map when pre-composed with the 
idempotent corresponding to sts due to death by pitchfork and all other light 
leaves are generated by degree 1 maps. Now assume l{x) > 4 and set j := 
Ky) ^ —■ This means we have to extend the sequences from above with 

O's and I's on the right side and decorate the new entries properly with either D's 
or C/'s. Using successively the fact that the decorated sequences in (l33l and (l34t 
yield morphisms which get cancelled by the idempotents, we obtain that the only 
two possible sequences are 


(35) 

U0---U0 

i—j times 

UI---UI 

j times 

^ TT 

tI 

1 

(36) 

U0---U0 Ul 

■ ■■Ul uo 

- tt 

tl 

It 


i—j — 1 times i times 


Both of those remaining morphisms are generated by degree 1 elements which 
proves the first statement. The second statement is clear since every proper sub¬ 
expression is strictly smaller than both (this holds dihedral groups but not in arbi¬ 
trary Coxeter groups). □ 

Step II. We check that every relation from holds for the morphisms between 
Soergel bimodules (with trivialised right action). For this this we use the following 
properties. 

(i) Death by pitchfork, 

(ii) the pol 5 momial sliding relations in|9l 

(iii) non-constant pol 5 momials act as 0 from the right, 

(iv) isotopy invariance, 

(v) two-colour associativity, 

(vi) JW := JtWn-i is rotation invariant. 

It is important to note that all calculations and equations in this section are meant 
as morphisms between indecomposable Soergel bimodules (with trivialised right 
action). Therefore every morphism represented by a string diagram should be pre- 
/post-composed with the corresponding idempotent. We omit this composition in 
order to make the presentation clearer. 

Before we start proving the relations one by one, we state two useful results. 
Lemma 6.6. For a Coxeter system of type 12 ( 1 x 1 ) we have 

ei 


62 


where ei and 62 are idempotents corresponding to indecomposable Soergel bimodules. 
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Proof. Without loss of generality we can assume that the morphism is given by 



The general case follows easily wifh fhe above considerations. □ 


Proposition 6.7. As a morphism B^i —>• B^i in the category of Soergel modules the 
following holds for i > 2: 

I 

Proof. By property |(ii)| we can slide the pol 5 momial at successively through the 
strings and we obtain for some A„: 


= -[2]c 


+ [* - l]c - [* +l]c 


i 

T 



n=2 



X 


where x = (i — l)s(Q:t) is of posifive degree. By Lemma Ihil we have: 



From now on assume fhaf i is odd: 



{ii) 



s{x) + ds{x) 


i 

T 


{Hi) 


^ -[2]c 


ds{x) 


where we used thaf s acfs grading preserving and fhus s{x) acfs trivially from fhe 


righf since x was of posifive degree. Recall fhaf i is odd and hence by Lemma l4.1 
we have: 

ds{x) = ds (Heat + [* - l]cas) = -[2]eHc + 2[f - 1]^ ^ [t - 1]^ - [z + l]c. 
The ofher case (z even) can be freafed similarly using dt insfead of d*. □ 

6.1.1. Relation\20\and\2l\ Clearly we have: 

(MU 


I 


(iii) 


I 


6.1.2. Relation and The desired relafions for i G {2,..., ztz — 2} are direef 
consequences of fhe following lemma: 


Lemma 6.8. For z G {2,..., ztz — 1} the following holds: 


JWi 


[»-ilc I ...* 

I'i'k I l’ 


JWi 


[»-i]c: * 
Wc r 


+ ([*-l]c-[* + l]c) 
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In particular: 

i 

T 

Proof. Recall the recursive formula for JWi (see (ITTt l in fhe Temperley-Lieb alge¬ 
bra setting in which we specialise qto ( = Transforming fhis Jones-Wenzl 

projector info a morphism in T? and puffing a frivalenf vertex on fhe left side and 
a dof on fhe righf side yields a morphism between fhe Boff-Samelson bimodules. 
If we pre-/posf-compose wifh fhe idempofenfs corresponding fo fhe indecompos¬ 
able Soergel bimodules every summand is cancelled by property m except the 
following two summands (the lines from the last inductive step are dashed): 




= [2]c 


JW 


[i-l]c 


w 

r\ 


[»-i]c 





The first summand is a cup attached to the identity of JWi-i at position i — 1 
and thus its scalar is • The second summand corresponds to the identity and 
therefore its scalar is 1. Hence in T> we have 


JWi 


Similarly, we have 



|i 

If 


The scalar in front of the first summand can be computed with the recursive for¬ 
mula for JWi- 


(37) 


A. 


w 

rh 


Ai-i 


w 

r\ 


liPi—l 


r\ 


kJ 


where Xi is the coefficient of ^ | ■ ■ | in JWi, pi is the coefficient of in JWi and p 
is the coefficient in the sum from the induction step. 

Inductively it can be shown that pi = pjp using the formula for JWi. Clearly 



and hence by another induction it follows that Xi 


[*-i]c 


Xi — Xi-i -\- liPi-i 


[(»-i)-i]c[(»-i) + i]c + i [Tl 

Wc[*-i]c Wc[*-i]c 


[»-lk 

Wc 


The second sum man d inj^arises again from the identity and hence its scalar is 1. 
With Proposition l6 . TI we obtain 


JWi I = ( 


- tlciik 



+ ([* - l]c - [* + l]c) 


where the scalar in front of the first summand is 

n»-ik _ M V - kc - [2]cHc m [»- i]c - +kc - - kc 
I Wc Wc Wc 


i 

T 


[»+kc 

Wc ■ 
□ 
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For i = m—1 the Soergel bimodule is embedded diagonally and therefore we have 



6.1.3. Relation^^ Clearly, we have: 



-[2]c 


i 

T 


6.1.4. Relation\25\and\26\ The bimodules UsS* and StSs are indecomposable and 
therefore fhe corresponding idempofenf is frivial, hence by isofopy invariance 


n 


(iv) i (iv) 

“ T “ 


II 


6.1.5. Relation \T7\and\28\ The relations l27l and |28] for i € {2,..., m — 2} are direcf 
consequences of fhe following lemma: 

Lemma 6.9. For i G {2,... ,m — 2} the following holds. 


^1 1 * 

JWi J = 

p I " I r Wc 


T T 


JWi 


li]< 


In particular, 


r 


JW 


J = * 


T T 


* = I 


JW 


Proof. Similarly fo fhe proof of Lemma IhSl 


□ 


For i = m — 1 relafion l27l and l28l agree (see Remark l6.2l) and fhe relafion is proven 
simirlarly to relations l22l and l24l since is embedded diagonally. 
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6.1.6. Relation\2^and\^ Inspecting both sides of the relation (l29t gives us 


since by property every summand except the identity is cancelled (when pre- 
/post-composed with the idempotents). The right hand sides are equal by the 
following lemma (which proves the desired relation). 



Lemma 6.10. In SB we have the following equality as morphisms 
f > 0 

I ii a \ 


B^(^+2)for 


Proof. The case z = 0 is trivial, so let us assume i = 1. 


\ii {^i) 1 


J\ Ef)] 1 

ij [M] 

1 2 vr 


) 2r 

2 r 


da(as) 


= 1 


iij (0 ii 


7 


The general case follows immediafely by using fhe above equafion repeafedly. □ 


Relation [31] can be deal! wifh in fhe same way by flipping fhe diagrams af fhe 
horizonfal axis. 


6.1.7. Relation^^and^^ Translafing relafion|^info fhe Soergel bimodule setting 
yields 


i 



i 


In JWj on bofh sides above, every summand is cancelled by properly excepf 
fhe one corresponding fo fhe identify wifh scalar 1 (after pre-/posf-composing 
wifh fhe idempofens). Hence, fhe equafion above becomes 


i 



i 



i 


which clearly holds. Relafionl32lholds for fhe same reasons after flipping fhe above 
diagrams af fhe horizonfal axis. 


Step III. The path algebra Pm has by Lemma Ibdl dimension ^ \ V<x n V<y \ over 
R, whereas by Theorem l3.5l 


dimR(. 4 ) = ^ diiriR Hom5(B2;,Sj^) = ^ \W<xr\W<y\. 

x,yGW x,yGW 


Altogether we conclude that (p is an isomorphism. 

□ 


7. Koszul Self-Duality of A 

7.1. Linear resolutions of the Standard Modules. The indexing set A of isomor- 
phis m c lasses of simple graded Pm-modules is in bijecfion wifh W by Proposi¬ 
tion Hence, fhe reverse Bruhaf order <r fums A info a finife partially ordered 
sef (A, <r). For x € W define fhe left modules 

A(a;) := P{x)/M{x) 

where M{x) := (all pafhs sfarfing in x passing fhrough y,y x of lengfh > 1). 
Therefore we have fhe shorf exacf sequence: 


(38) 0- ^M{x) - ^P{x)^^A{x) -^0. 
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Note that eyA{x) = 0 for all y x which means that no path in A(a;) ends in such 
a y. A precise formula for the dimensions of the involved modules in this short 
exact sequence gives the following lemma. 


Lemma 7.1. For 0 <i < mwe have: 



1 

( 2m 

(39) 

dimRP(sf) = < 

. 2i(2m — i) 
[ 1 -I- 2 m? 

(40) 

dimR A(sf) = 1 

{ 2 (to — i) 

[1 


1 

[0 

(41) 

dimRM(sf) = ( 

2 i(2m — i) 


2m? 


ifi = 0, 

ifl<i<m—1, 
ifi = m; 

if0<i<m — l, 
ifi = to; 


ifi = 0, 

— 2 (to — i) ifl<i<m — l, 
ifi = m. 


Proof. For fixed x the indecomposable projec tive cover P{x) has a basis con¬ 
sisting of all pafhs sfarfing in x. Hence by Lemma Ihll and its proof we have 

(42) dimR P(ai) = dimR CyPruOx = FI V>^x\- 

y^W y^W 


Nofe fhaf we reversed fhe order on fhe verfices. For x = gi and 1 < f < to — 1 this 
becomes 


(43) = 2'^2j +2i + {2i-l)+ 2 2i + 

y=e ^ 3=1 ^ ^ 

l<£(y)<2—1 i+l<.^(y)<m —1 

= 2 i{2m — i). 

Consider l43l which reduces for i = m to 1 + Aj + 2m = 1-1- 2to^. The case 

i = 0 follows easily from|42 By consfruction of A(a;) we have 


dimKA(a;) = ^ \y<,.yF^{x}\ = 1 

y^W y^rX 


2(m — £{x)) if X f Wo, 
1 if a; = Wo 


which yields HQI The dimension of M{si) follows direcfly from fhe above com¬ 
bined with the short exact sequence in|38] □ 


Theorem 7.2. The set {A{x)}x£w defines a quasi-hereditary structure on (Pm, (W, <r 
)), i.e. for X gW the (left) module A{x) is the (left) standard module. 

Proof. We prove that P{x) has a A-filtration with subquotients isomorphic to A{y) 
for y >r X (each with multiplicity 1) and x = gi via induction over i (this proves 
the first condition for being quasi-hereditary). 

For X = e, i.e. i = 0, th ere i s nothing to show since P{x) = A{x) (by comparing 
dimensions via Lemma Q. For i = 1, that is x = s, we have the short exact 
sequence 

0-^ T’(e)(-1) P(s)-^ A(s)-^ 0 

where / is pre-composing with (s, e). It is cl ear that im/ C M{s) and the equality 
holds by comparing dimensions (by Lemma IttI) . 

Now let i >2. Pre-composing with w' := [gi, s{i — 1)) (as indicated in Fig.|2) gives 
us 


(44) 


Pis^) 


/: P(,(*-l))(-l) 
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si 

uj' 

t(i-l) s(* - 1) 

P 

t(i-2) 

Figure 2. Exemplary setting of the proof of Theorem 1 7. 2l 




which fums ouf fo be injecfive since basis elemenfs are mapped fo pairwise non- 
equivalenf pafhs . Clearly irf = 0, hence using [35] we obfain fhe following com- 
mufafive diagram 


M{,i) -- P{J) -^-- A{si) 

3 ! 

Consider fhe composition 

g: P{t{i - 1))(-1) ^ > M{si) -^M(sz)/imi 

where h is pre-composing with oj := (gZ, t (f—1)). The module M (gz) has generators 
w and uj' as a left module. We can conclude that g is surjective since uj G im h and 
Lo' G im 6. Similarly the module M{t{i — 1)) has generators a := (t(z — 1), s(z — 2)) 
and P := (t(z — 1), t{i — 2)). Using the relations ISTland l32l we obtain the identities: 

OW — tip f)5s{f 2)) — (sZ,s(z l),s{z 2)), 

/3w = (sZ,z(z - l),t{z - 2)) = (sZ,5(z - l),t(z - 2)). 

Hence we can deduce that M(t(z — 1))(—1) C ker g and therefore 
P(t(z - 1))(-1) ^ » M(sz)/im z 

\! ^ 3 ! Lp 

A(z(*-1))(-1). 

Since g is surjecfive p is surjective, too. Using Lemma IttI we can compare dimen¬ 
sions of bofh sides and deduce fhat p is an isomorphism. Thus we have fhe shorf 
exacf sequence: 

0-^ Pisii - 1))(-1)-^ M(U)-^ A{t(z - 1))(-1)-^ 0 . 

By inducfion hypofhesis P(s(z — 1)) has A-filfrafion wifh subquofienfs isomorphic 
fo A(y) wifh y >r s(* — 1) (each wifh mulfiplicify 1). Thus M(sz) has A-filfrafion 
wifh subquofienfs isomorphic fo A(j/) wifh y >r arid fherefore Pisi) has fhe 
desired A-filfrafion. 

For X G W fhere clearly exisfs a surjecfive map tt' : A(x) —> L(x) and by con- 
sfrucfion ker tt' has only composition factors isomorphic fo T(/ii) where pz <r x. 
Since every non-trivial pafh from a: fo x passes fhrough a vertex y >r x we have 
[A(x) : L{x)] = 1 and hence fhe second condition is safisfied. □ 
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Theorem 7.3. Pm is Standard Koszul, i.e. every left (resp. right) standard module admits 
a linear resolution. 


Proof. By Proposition l6.3l we have an isomorphism = Pm thus left and 
right modules can be identified. Therefore if is enough fo show fhaf fhe (leff) 
sfandard modules admif such resolutions. Since e G W is maximal we have 
A(e) = P{e) and fhere is nofhing fo show. For x G W \ {e} we consfrucf a lin¬ 
ear resolution P,{x) A A(a;) —0 wifh P,{x) := (Pi)i>o defined by: 


Pi 


0 P{w) 


\ 


'w'>rX 


(-*>• 




Note fhaf Pq = P{x). The augmenfafion map e : Pq —>■ A(x) is jusf fhe canonical 
projection tt : P(x) A(x) (see|^. For x = s(- the boundary maps pi ■. Pi ^ Pi-i 
for f > 1 are defined as follows: 


Pi 


'Yu.(f-i)) U 4 f- 1 ))) 

• ((s,e)) 

( is,e) \ 


if i = 1 < f, 
if i = 1 = f, 

if 2 < i < £, 


Hi = £, 
ifi > £. 


Recall fhaf we compose pafhs from righf fo leff (similar as morphisms) and hence 
fhe defined p/s are pre-composing wifh cerfain arrows. All indecomposable pro¬ 
jective modules P(w) are generafed by fhe corresponding idempofenf which 
lies in degree 0. Thus by consfrucfion each Pi is projecfive and generafed by ifs 
degree i componenf. Clearly, the augmentation map e is surjecitve. 

The fact that for fixed x the above sequence P»{x) is a complex is a direct conse¬ 
quence of relations l3T] and l32l We only present the generic case 2 < i < £{x). Each 
P{w) is generated by e^, so it is enough to check that p^{ew) = 0. Let w = s{i — 2)) 
then we have 


p{ew) 

p'^iew) 


( (,(*-!),,(*-2)) \ 

( - 1), , (z - 2))+ (-!)*+•(,*,-!),,(*-2)) \ 

- 1), .(i - 2)) + (-l)*(th - 1), s(* - 2 ))) 


where * and • depend on the parity ot t — i (resp. t — i — 1). Nevertheless, the parity 
of * and • is always differenf and fherefore (—1)*+* = —1 and (—1)* = —(—!)*. 
Thus by relations l3T] and l32l we can deduce fhaf p^(euj) = 0. The ofher remaining 
cases are similar. Hence fhe sequence is a complex and if remains fo show fhaf fhis 
complex is exacf. 

We only show fhe generic case 2 < i < £{x) — 2 which covers all imporfanf ar- 
gumenfs. Assume we have {y,x) G ker pi where pi : Pi ^ Pi-i. Wifhouf loss of 
generalify 


Pr = 


P{sj)^P{tj)\ i-t), 


P;-i = 


^U(J + 1))0^G(J + 1))1 (-* + 1) 


for some 2 < j < £{x) — 2. From fhe definition of fhe Pi we know fhaf y (resp. 
x) is a pafh sfarfing in sj (resp. tj)- By assumption we have Pi{{y,x)) = 0 and 
in particular Tri{pi{{y,x))) = 0 G P{s{j — !))(—* + !)■ Recall fhaf vipi is pre¬ 
composing wifh Lo' = {s{j -I- l)),sj) in fhe firsf componenf and pre-composing 
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2 



t{j - 1) s{j - 1) 


Figure 3. Exemplary setting of the proof of Theorem l7.3l 

wifh (jj = (s(j + in fhe second componenf. Since (y,x) € ker pi we can 

conclude fhaf fhey musf end in fhe same verfex, say z (see Fig. |^. Nofe fhaf if 
is nof possible for eifher a: or y fo be fhe frivial pafh because fhen fhe ofher pafh 
would have fo have lengfh > 2 and hence fhey would be linearly independenf. 
Assuming bofh x and y pass only fhrough verfices v such fhaf v <r sj then z ^ 
{sj,tj} (otherwise one path would pass through a vertex v such that v >r sj)- 
Moreover, xoj (resp. yco') does not pass through sj (resp. tj)- In particular, the 
highest vertex xuj (resp. yuj') pas ses through is tj (resp. sj)- Thus xuj and yoj' are 
linearly independent by Remark l6.4l (which is formulated in terms of fhe Bruhaf 
order). This is a contradicfion fo (y, x) G ker pi. If only one paf h pa sses fhrough 
a verfex v wifh v >r sj the same argumentation using Remark \6.4 again yields 
a contradiction to (y, x) € ker pi. Therefore x and y pass only fhrough vertices v 
such that V >r sj- Hence we can deduce that y starts either with aor fj and x starts 
either with 7 or 6 . But that means that (y, x) G im pi+i- Thus the complex is exact 
and indeed a linear resolution. 

□ 

By Theorem Is .21 we obtain the following corollary: 

Corollary 7.4. Pm is Koszul. 

7.2. The quadratic dual of Pm- By consfrucfion = RQm/iRm)- Since A := 
RQm = 0j>o A* is graded by fhe pafh lengfh and C is homogeneous 
Fm inherifs fhe grading by fhe pafh lengfh. We nofe fhaf A = TjyaA^ = ® j>Q A* 
and fhus Fm = T^oV/iR^) is fhe desired quadratic sfrucfure for the A°-bimodule 
V = A^. R is a vector space sparmed by the edges in Qm on which we can define 
fhe sfandard scalar producf 

, [ 1 if f (a) = s(/3) and f(/3) = 5 ( 0 ) 

{a,p) := < 

0 ofherwise 

for edges a = {s{a),t{ce)) and /3 = (s(/3), f(/3))- Using fhis scalar producf we can 
identify V = U*. In fhe consfrucfion of fhe quadrafic dual we have fo consider 

■- {x\\/vGRI,: {v, x) = 0} C F* U* ^ {V ®ao V)*. 

By Lemma l6d] fhe algebra Fm is finife-dimensional and wifh fhe above identifica¬ 
tion R^ is jusf fhe usual orfhogonal complemenf of R)^ inside A^ wifh respecf fo 
fhe sfandard scalar producf. The vector space A^ has a basis consisfing of all pafhs 
of lengfh 2 and fherefore if is of fhe form A^ = 0^ CyA'^Cx- Taking duals com- 
mufes wifh finife direcf sums, so for fixed x,y G W fhe complemenf of all relations 
sfarfing in x and ending in y is inside CyA^Cx which has af mosf R-dimension 4. 
Wifh the above considerations it follows fhat = T^oV/(R^). 
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Recall that all defining relations in are homogeneous of degree 2 and can be 
inferprefed as linear combinafions of pafhs of lengfh 2. Using fhis idenfificafion 
fhere are fhree f 5 rpes of relations in : paths with the same starting and terminal 
point, paths with different starting and terminal points between vertices of fhe 
same lengfh and pafhs wifh differenf sfarfing and ferminal poinfs befween verfices 
of differenf lengfhs. We only presenf fhe cases where fhe sfarfing poinf x is of fhe 
form si for 0 < i < m. The cases where x = ti can be freafed similarly since all 
relafions are symmefric in s and t. For fhe sake of simplicify define i := m — i for 
0 < i < m. 


7.2.1. Re/flffons|20]-|24] These relations have in common that the starting point and 
terminal point coincide, say x. For fixed x all calculations in this section take place 
in A{x) := CxA'^Cx- We have to distinguish five differenf cases: 

• X = e: We have dimRYl(e) = 2 and bofh basis elemenfs (e, s, e) and (e, t, e) 
are in R^, hence fhe orfhogonal complemenf is 0 and fhere are no orfhog- 
onal relafions. 

• X = s: The vector space ^(s) has a basis consisfing of: 

ul := (s, st, s), U2 ■■= (s, ts, s), Ug := (s, e, s). 

The relafions are uf = 0 and + [2](;u| = 0, fhus fhe orfhogonal comple¬ 
menf is sparmed by [2]i^it| — 

• X = si for some 2 < i < m —2: The vecfor space A{si) has a basis consisfing 
of: 




u®’* := {si,s{i + 1), si), vl'" := (U, t{i + 1), s*), 

^' 3 ’* := {si,s{i - 1 ), si), := (si, t(i - !),«*)• 

The relafions are = 0 and = 0 where 


A, := 


. [»-lk 

Wc ’ 


p, := [i - 1](; -[i + !](;, 


[» + i]c 
Wc ■ 


The orthogonal complement is sparmed by +HiV 2 -l-Ug’ and r'. 

s.i 

X = s(m — 1) = si: The vector space y1(s 1) has a basis consisting of: 

:= (sl, 1001 si); W2 := (si; s 2 , si); '■= (sl;t 2 ;sl)- 


S,l 

2 


The relation is 0 = icf — = wf — [2]^w| (usrnglT^. Therefore fhe 

orfhogonal complemenf is sparmed by [2]^w® -I- and Wg. 

• X = Wo- We have dimRYl(rt;o) = 2 and fhere are no relations, hence the 
orthogonal complement is the complete subspace with basis (wo;sl;Wo) 
and (wo,A, wq). 


7.2.2. Relations l25l - \28\ All these relations are paths from x to y such fhaf X ^ y 
and £(x) = i(y). All compulations in this section take place in A(x, y) := OyA^Cx, 
i.e. the vector subspace consisting of all pafhs of lengfh 2 from x fo y. For fhese 
relafions fhere are fhree cases fo consider: 

• X = s and y = t: The vecfor space A(s, t) has a basis consisfing of: 

Ug := (s,st,t), U 2 := (s,ts,t), Ug := (s,e,t). 

The relations are — Hg = 0 and U 2 — Ug = 0. Thus the orthogonal com¬ 
plement is sparmed by ul +u 2 + u^- 
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Relations 

Orthogonal Relations 

(e,s,e) 

nja 

(e,t,e) 

uf 

wi + [2 ]cW3 

[2]^W2 ~ wf 

S,l \ S.I 

— XiV^’ 


\ S.I 1 S.I 1 S.I 

AiVi’ -t- -I-V3 

'V ‘2 


UiV 2 ’ - 

wf - [2]<;w| 


nja 

{wo,a{ni - 1), Wo) 

(wo,t(m - 1), Wo) 

ul - 
- ng 

Wj ~h U 2 ^3 

— S.I — S,^ — S.I 

V{ — OiWg’ — V 4 


— S.I I — S.I 1 — S.I 

aiV{ -1- V 2 -1- W3 



llj^’ -1- aiV 2 + l>4’ 

Wi —W 2 — W 3 

Wi + W 2 

Wi + W3 

iaj,sij + t),s{j + 2)) — {aj, t{j + 1), s(j -I- 2)) 
(aj, s{j + 1), t{j + 2)) — (aj, t{j + 1), t(i + 2)) 
(s(i -1- 2), aij -1- 1), aj) — {a{j + 2), t{j + 1), aj) 
{aU + 2), s(i -1- 1), tj) — {a{j -t-2),t{j + 1 ), tj) 

iaj,a{j + 1), a{j + 2)) -|- {aj, t{j + 1), a{j + 2)) 
(aj, a{j + 1), t{j + 2)) -1- {aj, t{j + 1), t{j + 2)) 
{a{j + 2), s(j + 1), aj) + {s{j -I- 2), t{j + 1), aj) 
{a{j + 2), a{j + 1), tj) + {s{j -I- 2), t{j + 1), tj) 


Table 2. Relations and its orthogonal relations 


• X = si and y = ti for some 2 < i < m — 2: The vector space A{si, ti) has a 
basis consisting of: 

Tj’* := (sh sii + 1), h), T 2 ’* := {si,t{i + 1), ti), 

■= (si, s{i - 1), ti), vl’" := isi,t{i - 1), ti)- 

The relations are = OandtJ^’*—Tg’*—= 0 where Oi := 

Hence the orthogonal complement is sparmed by OiTg’* + + Tg* 

and + aiV2 + . 

• a; = gl and j/ = <1: The vector space A(sl, H) has a basis consisting of: 

:= (gljWojtl), W2 (sl)s2,tl)) 'fc’g := (sl,t2,tl). 

The relation is wl — W 2 — Wg (using [T5t and therefore the orthogonal com¬ 
plement is sparmed by wf + and uJ® +w^- 

7.2.3. Relations |2^ - 132] For the relations for which the starting point x and the 
terminal point y differ in their length, it is immediately clear that \i(x) — i{y) \ = 2. 
Hence, dimR 2 l(x,?/) = 2, say with basis {pi,p 2 }- The relations inl29l-l32lare then 
Pi — P 2 = 0 and therefore their complements are pi + P 2 = 0. 


Table |2] summarises all relations and orthogonal relations. Define C be 
the set of all orthogonal relations from Tables [ 3 Th en as aforementioned we have 
p:„=7i/(i?^). Mimicking the proof of Lemma|6T|we obtain the following lemma: 

Lemma 7.5. The quadratic dual P'^ has the same dimension as Pm as R-vector space. 

7.3. Self-duality. In this section we prove the following theorem 

Theorem 7.6. The algebra Pm is Koszul self-dual, i.e. Pm — E{Pm) — P'm- 
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Figure 4. The Hasse graph and its image under 0 



t(m- 1) 
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Figure 5. A choice of scalars yielding an isomorphism = P'm 


Proof. The algebra Pm is finite-dimenesional and Koszul by Corollary 17.4 Thus 
there is a canonical isomorphism £'(Pm) = Since Pm = Pff by Proposi- 

tion l6.3l it is enough to show that Pm — Pm = F'(Pm)- 

Define the map 0 on the vertices of Qm hy x m- x~^wo which extends to an A°- 
bimodule homomorphism 0 : A —> A for A = KQm (see Fig. @)- Note that the 
images of the arrows are only determined up to scalars which we choose as ±1 as 
indicated in Fig. [sl Note that the scalar of an arrow only depends on the adjacent 
vertices and is independent of the direction. The pattern is highly regular except 
for the scalar at the edge (t(m — 1), rco)- Since all scalars are invertible, the map 0 
is an isomorphism and thus we have a surjection $ : A A ^ Pj^. It suffices 
to show that C kerT* (or equivalently: 0(i?jjj) C {R^)) which implies the 
existence of a surjec tion T' : Pm ^ P^, which is an isomorphism by dimension 
reasons (see Lemma [t^. 

In order to show that Rf^ C ker $ we check that each relation from is mapped 
to a relation from R^ (up to a sign). The map 0 : FF —FF is an isomorphism and 
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for diWw we have i{Q{w)) = m — £{w). Therefore we can freaf fhe fhree f 5 rpes 
from above separafely, again. Nofe fhaf 


(45) 


e{si) 


s{m — i) = si iff is even, 
t{m — i) = ti iff is odd. 


Recall fhe idenfifv inlTSlfor fhe quanfumnumbers [fh = [to —f]^ = [fj^when 

q is specialised fo C = Therefore fhere are fhe following idenfifies for 

p, and 

(46) aj = ai, Xj = Vi, pj = -pi. 


Since fhe calculations are nof difficulf buf fedious we only compufe fhe images of 
fhe relations 120 1 - l24l under 0 using [45] Nofe fhaf all basis elemenfs are loops and 
fherefore all occurring scalars are 1 = (—1)^ since fhe scalar is independenf of fhe 
direction of fhe arrow. 


(e,s,e) 

(e,t,e) 

Ml 

ui + [2]cu^ 


(lOo, t(m - 1 ),m;o), 

{wo,s{m - l),wo), 


t 


W2 + [2]cw[, 


— \iV^’ 


s .1 S ,I , 

^2 


* I ..s,* 
4 


M^l - [2 ]cM^2 



A S.l 

iV2 

A t A 

iV2 


s,i s,i 

tA tA 

— fliV2 


Ms “ [2 ]cM 2 
Ms “ [2 ]cM2 


uni sj 

sA 

= M4’ 

->^2 

uni t,j 

tA 

= M4’ 

- 

1 sA 

uni sj 

+ ViV{ 

= M3’ 

1 tA 

uni t,i 

+ ViVf 

= M3’ 


if TO is even, 
if TO is odd. 


if f is even, 
if i is odd, 

I sA I \ sA 

+ M1M2’ +Aivp 

I t A I \ tA 

+ f^jV2' +ArDi’ 


if i is even, 
if i is odd, 


The images of fhe relations agree wifh fhe righf-hand side in Tabled up fo a sign, 
swapping fhe roles of s and t and replacing i wifh i. Therefore fheir image is 
confained in (R^)- The ofher relations can be freafed analogously as above. □ 


Remark 7.1. There is a cerfain degree of freedom in fhe choice of fhe scalars for 
fhis isomorphism. In f 5 rpes A 2 and B 2 fhere are 5 scalars which can be chosen 
freely. However, solving such a sysfem of quadratic equafions gefs more and more 
complicafed and is nof very enlighfening. 


Remark 7.2. The basis for our approach in fhis paper was fhe equivalence of fhe 
diagrammafic cafegory T) and fhe cafegory of Soergel bimodules SB (see The¬ 
orem I4.3I) . However, fhis equivalence holds in parficular for all finife Coxefer 
groups wifh fhe geomefric realisafion (see IIEW13I ). Therefore af leasf in fhe- 
ory fhe fechniques used in fhis paper could be applied an arbifrary finife Cox¬ 
efer group. Nofe fhaf fhis will be much harder since fhe difficulf fhree-coloured 
Zamolodzhikov relations will appear and fhere is no complefe diagrammafic clas- 
sificafion of fhe idempofenfs. 
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